The Bloch theorem is a powerful theorem stating the absence of nonzero expectation value of the current operator associated with a conserved U(1) charge in the ground state. This short note presents a simple yet rigorous version of the proof for general lattice models. Our discussion clarifies the relation to the twist operator widely used in the context of the Lieb-Schultz-Mattis theorem.
I. INTRODUCTION
The Bloch theorem [1] states that the ground state of a thermodynamically large system, in general, does not support a net current flow of any conserved U(1) charge, regardless of the details of the Hamiltonian such as the form of interactions or the size of the excitation gap. Despite its wide applications, the proof of the theorem in the existing literature is mostly for specific continuum models [1] [2] [3] . There is also a rigorous discussion for extended Hubbard-type models [4] but the form of the Hamiltonian considered there is not completely general.
In this note, we present a proof for general models defined on a one-dimensional lattice. The argument can be extended to higher dimensions and to continuum models as we sketch in Sec. IV.
II. SETUP AND STATEMENT
Let us consider a quantum many-body system defined on a one dimensional lattice. We impose the periodic boundary condition with system size L. The HamiltonianĤ of the system can be very general. It may contain arbitrary hopping matrices and interactions as far as each term in the Hamiltonian is short-ranged (i.e., the size of its support is finite and does not scale with L) and respects the U(1) symmetry we discuss shortly. In particular, we do not put any restriction on the translation symmetry, the ground state degeneracy, or the excitation gap. To simplify the notation we set the lattice constant to be 1 and denote lattice sites by x ∈ {1, 2, · · · , L}.
We assume that the HamiltonianĤ commutes with the particle number operatorN
Here,n x is the local charge density operator at site x. We assume that density operators at different sites commute, [n x ,n x ] = 0. The U(1) symmetry implies the conservation law:
whereĵ x+ 1 2 is the local U(1) current operator that measures the net charge transfer across the 'seam' in between x and * haruki.watanabe@ap.t.u-tokyo.ac.jp x + 1 [ Fig. 1 (a) ]. We present the precise definition ofĵ x+ 1 2 in Sec. III B.
With this setting, the Bloch theorem states that the ground state expectation value of the local current operator vanishes in the limit of the large system size:
Here |GS is the ground state ofĤ with the energy eigenvalue E GS . When there is a ground state degeneracy we arbitrary pick one state. The current conservation law in Eq. (2), together withĤ|GS = E GS |GS , implies
for all x = 1, 2, · · · , L, meaning that the expectation value is independent of the position. Therefore, we can equally states the Bloch theorem in terms of the averaged current operator
III. PROOF OF THE THEOREM A. Variational principle
Our proof of the theorem makes use of the twist operator introduced by Ref. [5] , which readŝ
This unitary operator is consistent with the periodic boundary condition since replacing x with x + L in the exponent does not affectÛ m as e 2πimN = 1. The key observation of the proof is the following Taylor expansion in the power series of L −1 , which we show in Sec. III B:
Taking the ground state expectation value of this equation, we find the following relation for the energy expectation value of the variational state |Φ m ≡Û m |GS : Suppose first that GS|ĵ|GS > 0. Then we find that Φ m |Ĥ|Φ m with m < 0 is lower than the ground state energy for a large L, which contradicts with the variational principle. If GS|ĵ|GS < 0, |Φ m with m > 0 does the same job. Hence, GS|ĵ|GS cannot remain nonzero as L → ∞ and must be smaller than or equal to L −1 . This variational argument is common among proofs in the literature [1] [2] [3] .
B. Local current operator

It remains to verify Eq. (8).
This requires a precise formulation of the local current operator. To this end, let us temporary introduce the twisted boundary condition. We place the position of the 'seam' to be in between x and x + 1, which we denote byx ≡ x + 1 2 [ Fig. 1 (a) ]. Let θx be the angle of the twist. Later we will set θx = 0 as, after all, we are interested in the original system under the periodic boundary condition.
The HamiltonianĤ θx under the twisted boundary condition has θx-dependence localized around the seam. This is because every term in the original HamiltonianĤ that goes across the seam acquires a phase e i xθx . For example, the hopping term tc .
The current operator defined this way satisfies the conservation law in Eq. (2). To see this explicitly, let us introduce a seam for everyx = x + 1 2 (x = 1, 2, · · · , L) and denote the twisted Hamiltonian byĤ (θ1,θ2,··· ,θL) [ Fig. 1 (b) ]. It satisfieŝ
and [6] e i nxĤ (θ1,θ2,··· ,θL) e −i nx =Ĥ (θ1,··· ,θx−2,θx−1− ,θx+ ,θx+1,··· ,θL) .
When Eq. (12) is expanded in the power series of , the O( )-term reproduces the conservation law (2) . It also follows using Eq. (12) repeatedly that
The Taylor series of the right-hand side readŝ
whereĤ
For example,Ĥ (0) =Ĥ and 
IV. GENERALIZATION
The generalization to continuum models can be done simply by replacing 
Since this theorem only prohibits the net current flow, it allows, for example, a nonzero edge current that flows in the opposite direction at the two edges.
The assumption on the range of hopping matrices and interactions can be slightly relaxed. They are not necessarily strictly finite and exponentially decaying interactions, for example, are allowed. However, when the Hamiltonian contains long-range interactions, the order estimate of the series expansion in Eq. (8) would be spoiled and the theorem might be violated.
